Power measurements based on the Conservative
Power Theory with a reduced sampling rate for
lowering implementation cost

Victor A. de A. Prado!, Nicholas D. Andrade!, Ianca M. S. de Jesus', Member, IEEE, Ruben B. Godoy',
Edson A. Batista!, and Moacyr A. G. de Brito!, Member, IEEE

"Faculty of Engineering, Architecture and Urbanism and Geography,
Federal University of Mato Grosso do Sul - UFMS,
Av. Costa e Silva, s/n°, Campo Grande, MS, 79070-900, Brazil

Abstract—This paper presents an innovative approach to
digitally implement the Conservative Power Theory (CPT) with
a reduced sampling rate. The algorithms employed for discrete
power calculations of such modern power theory operate at a
sampling rate lower than 300 Hz. To enable the use of low sam-
pling rates while maintaining acceptable accuracy and precision,
various sampling scenarios were evaluated, and a data acquisition
strategy was developed. Computer simulations conducted at an 8
kHz sampling rate revealed that the errors in power calculations
were below 5% when compared to an idealized continuous-
time (infinite sampling rate) reference. These results motivated
the identification of sampling rates below 300 Hz capable of
yielding comparable performance. In addition to active and
reactive power, the analysis included non-conventional power
quantities, taking into account unbalanced load conditions and
waveform distortions. Simulations were performed using the CPT
in the discrete-time domain for both unbalanced RL three-phase
circuits and unbalanced nonlinear three-phase circuits. Subse-
quently, hypothesis testing was employed to validate the accuracy
and precision of the power calculations at sampling rates below
300 Hz. Among power measurements, mean percentage errors
were below 10% in 84.6% of the cases and below 2% in 61.5%
of the cases. Hence, a significant reduction in the computational
cost of CPT-based power calculations is achieved, enabling the
proposed methodology to be implemented on low-cost, low-power
microcontrollers without compromising measurement accuracy
or precision.

Index Terms—Conservative Power Theory, Harmonics, Re-
duced Computational Cost, Reduced Sample Rate.

I. INTRODUCTION

LTHOUGH the concepts of active power and current
were established as early as the 1930s, the definitions

of reactive power and power components associated with
harmonic distortion remain subjects of ongoing debate (1} 12)).
Active power is based on the physical phenomena of
electrical power. This power can be transferred to thermal
power and can be measured in thermal or mechanical forms
and quantified using corresponding units. As such, its defini-
tion is well accepted for both sinusoidal and non-sinusoidal
waveforms. Reactive power, while clearly defined under si-
nusoidal conditions, lacks a universally accepted definition in
the presence of waveform distortion. Various power theories
have been proposed to address this gap, introducing additional

components to account for the effects of harmonic voltages
and currents (3).

Non-linear loads, which are sources of harmonic distortion,
adversely affect power quality in electrical systems. These
harmonics increase conductor and transformer losses due to
eddy currents, may cause resonances, and induce non-linear
voltage drops that impact the performance of sensitive elec-
tronic devices (4)).

Concurrently, the proliferation of non-linear loads and the
rapid integration of distributed energy resources, such as
photovoltaic systems and power converters for electric mo-
bility, have introduced new challenges (5; 16). These include
grid unbalance and frequency deviations, especially under
intermittent generation conditions. In this context, accurate
definition and measurement of power components, according
to a consistent power theory, are essential to enable appropriate
compensation strategies, such as active filtering techniques (7)),
and to ensure accurate energy billing.

Achieving high precision in power measurements requires
higher sampling rates in order to perform accurate calcula-
tions involving RMS and average values. However, at lower
sampling rates, errors in reactive and new portions of power
introduced by modern power theories are unacceptable and
make the CPT implementation unfeasible on low-cost micro-
processors (8).

Thus, a trade-off must be established between measurement
precision and computational cost, depending on application-
specific requirements. In this study, a sampling rate of 8
kHz, considering a 60 Hz cycle, is considered sufficient to
approximate continuous-time results with acceptable accuracy
for CPT-based calculations.

The proposed methodology enables the use of the 133
samples, acquired within a 60 Hz cycle, or slightly fewer, at
sampling rates below 300 Hz. Although this reduces synchro-
nization with the signal’s fundamental period, simulation re-
sults show that comparable accuracy and precision can still be
achieved. This approach supports the implementation of CPT-
based power measurement schemes on resource-constrained
embedded platforms without compromising reliability.
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A. Methods

1) Theoretical background of modern power theories: In
general, modern power theories redefine reactive power and
introduce additional power components to account for non-
sinusoidal operating conditions. Among these theories, the
Conservative Power Theory (CPT) stands out by proposing
power terms with physical interpretation. Consequently, its
adoption has been increasing significantly.

2) Conservative Power Theory — CPT: The Conservative
Power Theory (CPT) is grounded in Tellegen’s Theorem. It
establishes that, for a set of branches in an electrical network
where voltages and currents satisfy Kirchhoff’s Voltage and
Current Laws, the dot product between the voltage and current
branch vectors is equal to zero. This dot product represents
the total power, and since the result is zero, the power
is considered conservative. Moreover, since active power is
defined as the average value of the instantaneous product of
voltage and current, it also exhibits conservative behavior (9).

According to Kirchhoff’s Voltage Law (KVL), the sum
of voltages across all branches in a closed loop is zero.
Consequently, the sum of the time-integrated voltage (with
zero mean) across these branches is also zero. When this un-
biased time voltage integral is multiplied by the corresponding
current, the result is reactive energy, which also sums to zero
in a conservative system. Therefore, reactive energy is likewise
considered conservative under CPT (9).

In the context of CPT, it is essential to understand the mathe-
matical operators involved in defining the power components.
These operators are formalized as scalar quantities and are
presented in equations (I to (7).

1 (T
average value : T = —/ x(t)dt (1)
T Jo
d
time derivative : & = @ 2)
dt
T
time integral : x| = / x(7)dt 3)
' 0
unbiased time integral : & = Ty =T @

1 T
internal product : {(x,y) = T/ xxydt 5)
0

norm (RMS value) : X = ||z|| = /{z, x) (6)
orthogonality : (xz,y) =0 @)

For the case in which the variables x and y are vectors of N
elements, equations (8) to (I2) are applied. Underlined terms
represent vectors.

N
dot product : xoy = Z Tn X Yn ®)
n=1

magnitude : |z| = \/zox = )

N

internal product : (x,y) = Z(xmyn> (10)

n=1
norm (RMS value) : X = |jz|| = (11)
orthogonality : (z,y) = (12)

Based on these definitions, it is possible to derive the
expressions for the power and energy components defined
by the Conservative Power Theory (CPT). The active power,
reactive energy, and apparent power are presented in equations
(T3) to (I5). The elements w and 7 are the instantaneous voltage
and instantaneous current, respectively.

P=p={u,i) (13)
W:w:<Avi>:7<uaZ> (14)
A=ull x|[i| =U x I (15)

For polyphase systems, the active, reactive, and void
components of electrical currents are defined, phase by
phase, through to (I8). G,, denotes the phase conduc-
tance [Ohm~1]. B,, represents the equivalent phase reactivity
[Henry~ 1], and n represents the phase.

lan = Tunl? = atn = Gn X up (16)

by = Moind W Bxa, A7)
(|2 U2

ivn = Zn - Z.an - irn (18)

The active (i,) and reactive currents (¢,.) can be calculated
collectively, by supposing a hypothetical balanced load that
consumes the same active power and reactive energy that the
real load consumes. These collective values of current can be
decomposed into balanced (i®) and unbalanced terms (i%). The
balanced ones are described in and (20).

b (u, 1) _ P _ b

iy = HHHQQ—WQ—G X u (19)
=Ll W g (20)
- Jlal? U2

The unbalanced active (i) and reactive current (i) terms
are described, respectively, in (2I) and (22).

il =ia— iy @0
iy =iy — 1y (22)

With all current terms determined, each power component
of CPT can be calculated. Active and reactive power, P and

Q, are, respectively, defined in and (24).

P=Ux I =|ull x|lig]|

(23)

Q=U x I} = ||uf x |liy|

(24)



The unbalanced active power N,, and unbalanced reactive
power N, are described in (23) and (26), respectively.

d -d Y. p2 p
Ny =UxTI? = ||ju|]| x |i| = U Zﬁg_ﬁ (25)
n=1 "
N
. w2 W2
Ny =U x I = |lul| x il = U U;L —z (20
n=1 "
The unbalanced power, N, is presented in (27).
N=UxI=|ul x i’ = VN2 + N2 7
The void power is defined in (28).
V=Ux1I, = |ul| X |||l = [lull X [|ia — il (28)

B. Computer simulations

Computer simulations were conducted in discrete domain
by sampling voltage and current waveforms, with different
sampling rates: 15.36 kHz, 7.68 kHz, 1.92 kHz, 300 Hz, and
297.766779 Hz. The latter was chosen to obtain a sampling
rate lower than 300 Hz, while still maintaining acceptable
accuracy when compared to a reference simulation in a con-
tinuous domain.

Basic arithmetic operations—addition, subtraction, multi-
plication, and division—were used to calculate both average
and RMS values. Specific algorithms were developed for this
purpose.

The algorithms used an amount of n samples to calculate
average and RMS values within a 60 Hz cycle. This quantity
was obtained by dividing the sample frequencies by the 60 Hz
fundamental frequency. Therefore, the algorithm for a 15.36
kHz frequency utilizes 256 samples and 7.68 kHz, 1.92 kHz
and 300 Hz utilize 128, 32 and 5 samples, respectively. The
calculation of the number of samples for 297.766779 Hz was
described in item

1) Average and RMS value calculations: To calculate the
average value, a vector was created to store the sampled points
of the waveform. These points were summed and divided by
its total amount.

The RMS value algorithm was derived from mathematical
operators, specifically average value, internal product, and
norm (RMS value) as described in (T)), (5) and (6)), respectively.
The key distinction between the average value and the inner
product lies in the presence of the multiplication by the
variable. The RMS value, in turn, is obtained as the square
root of the inner product.

From the analysis of equation (I)), if the x variable is
squared, the same procedure used for average value calculation
can be used, and in the result a square root operation is
performed to obtain the RMS value.

a) Sampling rate at 300 Hz. b) Sampling rate at 297.766779 Hz.
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2) Reduced sampling rate: A reduced sampling rate was
selected aiming for a value close to 300 Hz, as lower rates
reduce computational costs. Nonetheless, the accuracy should
be acceptable.

After several simulations, it was observed that an 8 kHz
sampling rate, acquiring 133 samples in a 60 Hz cycle,
produced errors lower than 5% in most of power measurements
when compared to the reference simulation in continuous
domain. So, it was defined that the sampling rate used in this
project should acquire a similar number of samples to do the
calculations.

Nevertheless, a 300 Hz frequency acquires only 5 samples in
a 60 Hz cycle, which is insufficient for accurate power calcula-
tion. To overcome this limitation, a strategy was implemented
in which samples were collected over multiple consecutive
cycles until a total of 133 samples was stored in the vector.
Additionally, the chosen sampling frequency could not be an
integer multiple of 60 Hz; otherwise, the same sample points
would be repeated in each cycle, resulting in redundant data.

Figure [T]a) illustrates a 60 Hz sinusoidal waveform sampled
at a 300 Hz rate. In contrast, in Figure [I|b) the samples were
obtained with a non-multiple of 60 Hz. It is seen that at each
cycle, the samples with 300 Hz result in the same values,
whilst with the 297.766779 Hz sampling, at each cycle, the
values measured differ from the previous ones. This way, it
is possible to obtain enough wave information after storing it
from subsequent cycles, to form a vector that has a number
of samples that leads to good accuracy for power calculation.

Hence, it was defined that the reduced sampling rate should
introduce a delay among samples of subsequent cycles, cor-
responding to the period of an 8 kHz signal. This approach
ensures that the same 133 distinct sampling points—originally
captured within a single cycle at 8 kHz—are progressively
acquired over multiple cycles.

The reduced sampling rate, required to obtain the desired
number of points, was determined using (29) and (30).

n=id 29)

Where:

n: number of samples at a 60 Hz cycle.

1: integer part.

d: fractional part.

As the sampling rate should be lower than 300 Hz, 7 was
defined as 4 because 300 Hz samples 5 points in a 60 Hz cycle.



Fig. 2. a) Illustration of how the delay on the reduced sampling works. b)
Zoom in the sample during the delay process.
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Figure [2]a) illustrates sampling at reduced rate and Figure 2]b)
zooms into the black rectangle of Figure [2]a), indicating how
(30) is used.

To ensure that the sampling rate remained below 300 Hz, the
parameter ¢ was set to 4, since a 300 Hz sampling rate yields
5 points in a 60 Hz cycle. Figure 2]a) illustrates the waveform
sampling at the reduced rate, while Figure 2Jb) presents a
zoomed view of the highlighted region (black rectangle) from
Figure [T}a, demonstrating the application of equation (30).

(1—d)Ts=a=125x10""*

1.25 x 10~4
1—d)=—""2"22
(1—d) T
1.25 x 10~4
d=1- """ 30
T. (30)

Where:

a: delay between samples of two subsequent periods (period
of an 8 kHz frequency). As previously discussed, this sam-
pling frequency was selected because it yields reduced errors
when compared to the reference simulation performed in the
continuous-time domain.

Ts: Period of reduced sampling frequency.

From (29), n is converted to (3I).

n=i+d=4+d 31)
Moreover, n corresponds to (32).
T,
=L 32
n T, (32)

Where:
T,: period of 60 Hz cycle.

Therefore, since (32) equals (3I), (33) is derived. Subse-
quently, by substituting (30), one can obtain (34).

T,
T —d4d

T, (33)

T, 1.25 x 1074
AR ki
T, + T

1
— =5Tg—1.25 x 107*

60
1 —4
55 T 1.25 x 10
T, = &0
‘ 5

T, = 3.358333 x 1073 s

fo = 297.766779 Hz (34)
Finally, (35) define n for this frequency.
fs  297.766779
= = ——— = 496278 35
n 7. 60 (35)

Given the value of n, the number of cycles p required to
achieve accuracy comparable to that of an 8 kHz sampling
rate is determined by dividing the total number of samples by
n. The objective is to ensure that p is less than or equal to 133
and as close as possible to an integer value.

Consequently, the closest sample count that satisfies this
criterion is 129, which results in a value of p that closely
approximates an integer. This configuration corresponds to
approximately 26 cycles of a 60 Hz signal, as shown in

equation (36).

129

= ———— = 25.993496
4.96278

p (36)

In the context of modern power theory measurements, the
use of 128 samples per 60 Hz cycle has been considered
sufficient to achieve an acceptable level of accuracy (10).
This value is approximately equal to the number of samples

proposed in this work.

C. Comparison Strategy

Computational simulations were performed in the discrete-
time domain for two four-wire systems. The algorithms were
implemented using the MATLAB/Simulink platform. An M-
file function was developed to acquire data at the specified
sampling frequency and to store it in a vector, enabling
accurate calculation of the RMS and mean values. The pseudo-
codes for these implementations are presented in Algorithms
and 2] corresponding to the RMS and mean value calculations,
respectively. Subsequent computations were carried out using
the formulations described in Section It is important to
note that sampling at the desired frequency can be achieved
in microcontrollers through the use of internal timers. As
an example, the Simulink block diagram for calculating the
current I? is shown in Figure

The first system consisted of an unbalanced RL load, while
the second involved an unbalanced non-linear load. Power
calculations for both systems were performed using the CPT
method. The simulation carried out at a sampling rate of
297.766779 Hz was compared to a reference simulation con-
ducted in the continuous-time domain. Similarly, simulations
at the other sampling rates—15.36 kHz, 7.68 kHz, 1.92 kHz,
and 300 Hz—were also compared to the reference case.



Fig. 3. Calculation of 2 according to the method described.
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Algorithm 1 RMS calculation after storing 129 samples

0: Inmitialize: s <+ 0,7+ 1, m <+ 0

0: while 1 do

s + s+ u? {Accumulate squared values}
0: i< i+ 1 {Increase sample counter}

0: if ¢ = 130 then

0 m < 1/s/129 {Calculate RMS value}
0: i < 1 {Reset sample counter}
0

0

0

4

s <— 0 {Reset accumulator}
end if
: end while=0

1) Unbalanced RL circuit: A three-phase unbalanced RL
circuit comprises RL loads connected to each phase, along
with an additional resistive load between phases A and B.
The circuit is illustrated in Figure @] with its parameters
listed in Table [I] The corresponding voltages and currents are
depicted in Figure [5] Voltage measurements were performed
between points a, b, and c relative to ground, while current
measurements were conducted in series with the power source.

The simulations were conducted using ten different load
configurations, which are detailed in Table @

2) Unbalanced non-linear three-phase circuit: The unbal-
anced non-linear three-phase circuit consists of uncontrolled
rectifiers supplying RC loads. The circuit schematic is pre-
sented in Figure [6] with the corresponding parameters listed
in Table [T} The measured voltages and currents are depicted
in Figure[7] illustrating the behavior of the heavily non-linear

Algorithm 2 Mean calculation after storing 129 samples
0: Initialize: s <~ 0,7+ 1, m < 0

0: while 1 do

0: 8+ s+ u {Accumulate summed values}
0: i< i+ 1 {Increase sample counter}

0:  if ¢ = 130 then
0
0
0
0
0

m <— s/129 {Calculate mean value}
i < 1 {Reset sample counter}
s « 0 {Reset accumulator}
end if
: end while=0

Fig. 4. Unbalanced RL circuit.
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TABLE I

UNBALANCED RL CIRCUIT.

Description ~ Parameter
A-phase 127/0
B-phase 127/ — 120
C-phase 127/120
A-line 15mQ 25puH
B-line 15mQ 25puH
C-line 15m$ 25uH
TABLE II

UNBALANCED RL CIRCUIT LOADS.

A Z3

Ra=10Q Ra =10/2 Q
Ly=13mH La=13/2 mH
Rp =15 Q Rp =15/2 Q
LB:12 mH LB:12/2 mH
Ro =70 Rp=17/29Q
Lo =18 mH Le =18/2 mH
Rap =20 Q Rap = 20/2 Q
Z3 Zy
Ra=10/3Q R =10/4Q
Loa=13/3mH Ly =13/4mH
Rp=15/39Q  Rp=15/4Q
Lp=12/3mH Lp=12/4 mH
Rc=7/39Q Rp =7/4Q
Le=18/3mH Lo = 18/4 mH
Rap =20/3Q Rap=20/4Q
Zs Ze
Ra=10/5Q R =10/6Q
La=13/5mH La=13/6 mH
Rp=15/5Q  Rp=15/69
Lp=12/5mH Lg=12/6 mH
Rc=7/5Q Rp=7/6 Q
Lc =18/5mH Lc = 18/6 mH
Rap =20/5Q Rap =20/6 Q
Z7 Zs

Ra=10/7 Q Ra =10/8 Q
Li=13/TmH La=13/8 mH
Rp=15/7Q  Rp=15/8Q
Lp=12/TmH Lp=12/8 mH
Rec=7/7Q Rp =7/8Q
Lo =18/TmH Lo =18/8 mH
Rap =20/7Q  Rap=20/8Q
Zy Z10

Ra =10/9 Q Rs =10/10 Q
Ls=13/9mH Lj=13/10 mH
Rp =15/9 Q Rp =15/10 Q
Lp=12/9mH Lp=12/10 mH
Rc=17/9Q Rp =7/10 Q
Le=18/9 mH Lo = 18/10 mH
Rap=20/99Q Rap=20/10Q




load system. Voltage measurements were taken between points
a, b, and c relative to ground, and current measurements were
conducted in series with the power source.

TABLE III
UNBALANCED RL CIRCUIT.

Description ~ Parameter
A-phase 127/0°
B-phase 127/ — 120°
C-phase 127/120°
A-line 6mQ 200 uH
B-line 6mQ 200 uH
C-line 6mQ 200 uH

Table [[V] summarizes the parameters of the ten loads simu-
lated in the three-phase unbalanced non-linear circuit.

II. RESULTS

Power measurements were performed in the discrete-time
domain at multiple sampling rates, while a reference sim-
ulation was conducted in the continuous-time domain. For
each of the ten distinct simulations, the percentage error
was calculated, followed by the determination of the mean
percentage error corresponding to each sampling rate.

A. Unbalanced RL circuit

Initial simulations were conducted on the four-wire unbal-
anced RL three-phase circuit depicted in Figure [ Power
components were computed following the Conservative Power
Theory (CPT).

Table |V| summarizes the CPT power measurements for the
continuous-time reference simulation, while Table [V1] details
the power measurements obtained at a sampling frequency of
297.766779 Hz.

Finally, Table summarizes the mean percentage errors
computed across all simulations for each respective sampling
frequency.

Table indicates that only the reactive power (Q)
exhibited a mean percentage error exceeding 3.4% at the
297.766779 Hz sampling frequency.

Fig. 5. a) Voltage waveforms for unbalanced RL loads from Zj. b) Current

waveforms for unbalanced RL loads from 7.
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Fig. 6.

Unbalanced non-linear three-phase circuit.
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TABLE IV
UNBALANCED NON-LINEAR THREE-PHASE CIRCUIT LOADS.

Z1 Z2

Ra=15Q Ra=15/2Q
Cyq=5.5mF Cp=55mF
Rp =900 mQ2 Rp =900/2 mQ2
CB =2mF CB =2mF

Re = 400 m&Q Rp = 400/2 mQ2
Cc =3.8mF Cc =3.8mF
Z3 Za

R4 =15/3Q Ra=15/40Q
Cyq =5.5mF Cp=55mF
Rp =900/3 m2 Rp =900/4 mQ
Cp =2mF Cp =2mF

Rc =400/3 mQY  Rp =400/4 mQ
Cc =3.8mF Co =3.8mF
Zs Ze
Ra=15/50Q Ra=15/60Q
Cp =55mF Cp=55mF
Rp =900/5 mQ Rp =900/6 mQ
Cp =2mF Cp =2mF

Rc =400/5 m©2  Rp = 400/6 mQ
Cc =3.8mF Coc =3.8mF
Z Z3
Ra=15/7Q Ra=15/8Q
Cyq=5.5mF Cp=55mF
Rp =900/7 mQ Rp =900/8 mQ
Cp =2mF Cg =2mF

Rc =400/7 m  Rp = 400/8 mQ
Cc =3.8mF Coc =3.8mF
Zg ZlO
Ra=15/90Q Ra=15/10 Q
Cyq=55mF Cap=55mF
Rp =900/9 m©2 Rp =900/10 mQ
Cp =2mF Cg =2mF

Rc =400/9 m©  Rp = 400/10 m$
Cc =3.8mF Cc =3.8mF




B. Unbalanced non-linear circuit

Fig. 7. a) Voltage waveforms for unbalanced non-linear loads from Zp. b) .
Current waveforms for unbalanced non-linear loads from Z;. The second set of results pertains to the unbalanced non-

300 @ linear circuit, with power measurements obtained via the

200 Conservative Power Theory (CPT).

102 Reference power measurements for simulations involving
non-linear loads are presented in Table while Table

200}, ; IIXI reports the corresponding measurements at a reduced

ol sampling frequency of 297.766779 Hz. Furthermore, Table [X]

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05 N

Time (s) summarizes the mean percentage errors observed across the

®) different sampling rates.

Voltage (V)

B

TABLE VIII
CPT POWER MEASUREMENTS FOR THE REFERENCE SIMULATION.

Current (A)

Vi)
S00F [/
\

Y Loads P Q A N, N, N

0 0.0‘0; 0,;)1 0.615 0.;)2 0,0‘25 Ov;)3 0.(;35 0})4 O,OI45 0.05
Time (s) A 82709 23760 103104 35383 18182 39781
Zo 144597 29391 168374 66473 10923 67365
Z3 190230 34642 220506 95658 8780 96090
Zy 222292 36549 258001 118020 9237 118381
TABLE V Zs5 244574 36099 283716 133193 9241 133513
CPT Zg 259923 34454 300955 142877 8860 143152
POWER MEASUREMENTS FOR THE REFERENCE SIMULATION. Z7 270357 32497 312248 148725 8359 148960
Z3 277268 30625 319320 151900 7917 152106
Loads P Q A Nq Ny N Zy 281608 28985 323330 153181 7609 153369
7 s878 2086 6658 1670 1661 2318 Z1o 284037 27616 325074 153093 7455 153275
Zo 11726 4173 13283 3325 3200 4615
Zs3 17545 6259 19874 4967 4777 6891
Zy 23334 8345 26431 6595 6338 9146
Zs 29093 10431 32957 8209 7884 11381 TABLE IX
Ze 34824 12517 39449 9809 9415 13596 CPT POWER MEASUREMENTS FOR THE 297.766779 HZ SAMPLING
Zr 40526 14602 45908 11397 10931 15791 SIMULATION.
VA 46199 16687 52336 12970 12432 17966
Zy 51843 18771 58732 14531 13918 20122
Zio 57459 20855 65095 16079 15391 22258 Loads P Q A Na Nr N
A 81654 25429 102007 35311 18995 40096
Zo 143068 32796 166603 65482 12995 66759
Z3 188445 38470 218388 94817 10592 95406
TABLE VI Za 220455 40979 256043 117080 11438 117637
CPT POWER MEASUREMENTS FOR THE 297.766779 HZ SAMPLING Zs 242839 41212 281813 132474 9748 132832
SIMULATION : Zg 258396 39513 299480 142352 9454 142665
) VA 268996 37029 310432 147521 9132 147803
Zg 275973 36436 317376 150678 8262 150904
Loads P Q A Na Ny N Zo 280370 34639 321598 151911 8131 152128
Z 5845 1892 6621 1672 1661 2357 Z10 282833 33809 323486 152004 7902 152200
Zo 11662 3785 13208 3329 3306 4692
Z3 17447 5678 19762 4974 4937 7008
Z4 23203 7571 26282 6605 6551 9303
Zs 28931 9467 32770 8222 8149 11576 TABLE X
Z6 34631 11361 39227 9827 9733 13831 MEAN PERCENTAGE ERRORS — CPT — NON-LINEAR LOAD.
VA 40296 13255 45644 11416 11299 16062
VA 45937 15151 52035 12994 12852 18276
Zip 57133 18946 64722 16114 15914 22647 (n=256) (n=128) (=32 (=5 (n =129)
P 0.09% 0.09% 0.11% 0.30% 0.73%
Q 8.64% 16.70% 71.69% 374.44% 14.60%
A 0.09% 0.10% 1.23% 0.84% 0.72%
N, 0.21% 0.27% 0.87% 4.08% 0.74%
TABLE VII a
Ny 4.56% 12.98% 90.20% 783.89% 10.66%
MEAN PERCENTAGE ERRORS — CPT — RL LOAD. N 0.16% 031% L47% 15.38% 0.69%
Vv 1.25% 10.41% 83.94% 100% 9.32%
1536 kHz  7.68kHz 192 kHz 300 Hz 297.766779 Hz
n=256) Mm=128) (=32 (n=>5) (n = 129)
P 0.00% 0.01% 0.00% 1.19% 0.56% Table|X|indicates that, at the reduced sampling rate, four out
g 3.43% 6.88% 2781%  17.14% 9.24% of seven measured parameters (P, A, N,, and N) exhibited
0.00% 0.19% 0.00% 0.00% 0.57%
N, 1.00% 0.98% 0.98% 0.99% 0.17% er.rors belc.)w 0.8%. Moreover, the mean percentage errgrs at
N, 0.99% 1.96% 7.64% 34.35% 3.36% this sampling rate closely correspond to those observed in the
N 0.99% 1.45% 4.24% 18.17% 1.71% 7.68 kHz simulations, with differences of less than 1.1% for

five out of seven parameters.



C. Statistical Analysis

Two hypothesis tests were conducted to evaluate the accu-
racy and precision of the 297.766779 Hz sampling rate. The
first test, the Mann-Whitney test (also known as the Wilcoxon
Rank-Sum test) (L1), compares mean values of power mea-
surements obtained at the reduced sampling rate against those
from the continuous-time domain, thereby assessing accuracy.

The second test, the Brown-Forsythe test (12), evaluates
the homogeneity of variances between the samples, providing
a measure of precision. Both tests were performed at a
significance level of 5%.

1) Mann-Whitney Test: Considering the mean values from
the continuous domain and those from the reduced sampling
are pp and po, respectively, the null hypothesis and the
alternative hypothesis are described in and (38).

The Mann-Whitney test is a non-parametric method used to
compare the mean value of populations that do not follow a
normal distribution. However, it assumes that the two popu-
lations have similar distribution shapes and variances for the
test results to be valid.

Let the mean values of the continuous-time domain and
reduced sampling populations be denoted by p; and po,
respectively. The null hypothesis H, and the alternative hy-
pothesis H; are stated as follows:

Ho :p1 = po 37

Hy @y # p2

The test procedure consists of ordering the combined sam-
ples in ascending order and assigning ranks to each obser-
vation based on its position in the ordered list. The sums of
ranks for each sample are denoted by 1?; and Ry. These rank
sums are subsequently used to compute the test statistics Uy
and Us, as defined in equations (39) and (40).

(38)

Ny(Ny +1
U1=Nl><J\/2+%—R1 (39)
No(Ny + 1
Ug:leNg—i—%—Rg (40)

Where:

Nj: number of elements in the first group.

Ny: number of elements in the second group.

Finally, the smaller value between U; and U, is selected and
compared against the critical value from the Mann-Whitney
distribution table at the specified significance level. If the
calculated value is less than or equal to the critical value,
the null hypothesis is rejected. Otherwise, the null hypothesis
cannot be rejected, implying that there is insufficient evidence
to conclude that the populations represented by the samples
differ in their mean values.

For a significance level a = 0.05, two groups of samples
were compared, each containing 20 elements for all power
components (10 from RL load simulations and 10 from non-
linear load simulations), except for the void power measure-
ments which only appear in non-linear load simulations. The
critical values used were 127 for samples of size 20 and 23 for

void power measurements. The Mann-Whitney test statistics
for all CPT-measured power components are summarized in
Table [XI1

TABLE XI
U CALCULATED VALUE FOR THE POWER MEASUREMENTS OF CPT.

P Q@ A N, N N V
U 190 177 190 199 169 200 41

From Table [XI] it is observed that all minimum values
between U; and U, are smaller than the corresponding critical
values. Therefore, the null hypothesis — which states that the
mean values of the populations in the continuous-time domain
and at the 297.766779 Hz sampling rate are equal — cannot
be rejected.

Additionally, these data allow the calculation of a Z statistic,
which can be compared to the critical Z value as a comple-
mentary validation of the previous test results. To compute
Z, the observed U, denoted as Uypserved, 15 designated as the
maximum value between U; and Us, while the expected value
Uezpectea 1s defined as the mean of Uy and Us,. The standard
error of U is then calculated as shown in @T).

Ni X Na(N1+ Na +1
UStdError:\/( ! 2( ! 2 ) (41)

12

The value of Z is computed as shown in equation[d2} and the
critical value of Z for o = 0.05, considering a two-tailed test,
is 1.96. If the critical value of Z is bigger than the calculated
one, it is not possible to reject the null hypothesis.

7 — Uobserved - Uezpected

(42)
UStdError

Table presents the computed Z values for each of the
power measurements.

TABLE XII
Z VALUES FOR Z ON MANN-WHITNEY TEST.

P Q A N.  N» N
Uspserved 210 223 210 201 231 200
Ueapectea 200 200 200 200 231 200
Usiaprror 3697 3697 3697 3697 3697 36.97

027 062 027 003 084 0

According to the data, the results of the Z-test are consistent
with those of the Mann-Whitney test, confirming that the null
hypothesis cannot be rejected.

2) Brown-Forsythe Test: The Brown-Forsythe test is a non-
parametric test derived from the Levene test. It utilizes the
median instead of the mean to enhance the robustness of the
results against non-normal data distributions. Considering the
standard deviations from the continuous domain and those
from the reduced sampling are o7 and o3, respectively, the
null hypothesis and the alternative hypothesis are formulated

in @3) and @4).

Hy:0? =03 (43)



Hy: O'% #* O‘S 44)

The test consists of calculating the W parameter, as in (@3):

Y Ni(Zi.—Z.)?
K-—1
W= k N 2
ie1 2o21(Zii—Zs.)
(N-K)

(45)

Where:

k: number of groups of samples.

N;: number of elements of the i*"*sample.

N: number of elements of all samples.

Y;;: Value of the i'" element of the i*" sample.

Zij = |Yi; — Y| 1 Y; is the median of the i*" sample.

The null hypothesis is rejected if W exceeds the critical
value of distribution F, determined at the chosen significance
level, with (K-1) and (N-K) degrees of freedom. Specifically,
the degrees of freedom are 1 and 38 for all power measure-
ments, except for the void power measurement, where the
degrees of freedom are 1 and 18, respectively.

The level of significance and sample sizes used in this test
are the same as those employed in the Mann-Whitney test. The
statistical results for all power measurements are presented in

Table [XII1

TABLE XIII
U CALCULATED VALUE FOR POWER MEASUREMENTS.

P Q@ A N, N, N V
W 000 28 000 000 012 000 0.62

Considering that the critical values of the F distribution
are 4.098 for all power measurements and 4.414 for the void
power measurement, the null hypothesis cannot be rejected
based on this criterion.

D. Increasing samples for measuring

It is possible to maintain the same reduced frequency while
utilizing a greater number of sample points to decrease the
error between the reference measurements and those at the
reduced sampling rate. However, this approach comes at the
cost of increased computational time, as more 60 Hz cycles
are required to form a larger sample vector.

The initial proposal employed an 8 kHz sampling frequency,
which corresponds to 133 sample points within a 60 Hz cycle.
To explore the impact of a denser sample vector, the number
of samples corresponding to a 16 kHz frequency within a 60
Hz cycle, namely 256 samples, was used for comparison.

The procedure described from (30) to (33) was retained.
The only modification occurred in @, where the number of
samples was adjusted to be equal to or less than 256, ensuring
that the resulting ratio approximates an integer as closely as
possible. Consequently, 254 samples were determined to be
suitable.

New simulations were conducted, and Table m] presents
the mean errors for the reduced sampling frequencies, com-
paring results for n = 129 and n = 254 with the reference data
for both RL and non-linear loads.

TABLE XIV
MEAN ERROR WITH REDUCED SAMPLING FREQUENCY FOR DIFFERENTE
SAMPLE POINTS.

RL Non-linear

n=129 n=254 n=129 n=254
P 0.56% 0.33% 0.73% 0.33%
Q 9.24% 357% 14.6% 5.92%
A 0.57% 030% 0.72% 0.35%
Nog 017% 091% 0.74% 0.47%
Ny 336% 029% 10.66% 5.54%
N 1.71% 0.62%  0.69% 0.38%
14 9.32% 2.01%

As anticipated, increasing the number of sample points
while maintaining the same reduced sampling frequency sub-
stantially decreases the errors associated with measuring and
calculating CPT power components.

This approach enables the designer to adjust the number of
samples to achieve the permissible error level for a specific
application.

III. CONCLUSION

In this paper, the reduced sampling frequency contributes
to lowering computational costs while enhancing noise im-
munity. The employed method demonstrated the feasibility of
achieving these goals with acceptable levels of accuracy and
precision.

For the RL unbalanced circuits with n = 129 samples,
errors in five out of six power measurements were below
1.8%, with the remaining measurement errors ranging between
3.4% and 9.3%. In the non-linear circuit, four out of seven
measurements had errors under 1.0%, while the others ranged
up to 9.4%, 10.7%, and 14.6%. The largest errors occurred in
the measurements of ), IV, and V, especially under heavy
non-linear load conditions.

Considering n = 254 samples, the RL unbalanced circuit
results showed that six out of seven power measurements
exhibited errors below 1.0%, with the remaining measurement
below 3.6%. For the non-linear circuit, four out of seven
measurements had errors of less than 0.5%, and the others
were below 2.01%, 5.54%, and 5.92%. The most significant
errors remained in the same power components but were
reduced by factors of two to five compared to the n = 129
sample scenario.

An additional noteworthy observation is that the errors from
measurements with reduced sampling at n = 129 samples were
comparable to those at 7.68 kHz, while those at n = 254
samples were comparable to 15.36 kHz. This comparison is
significant because the 7.68 kHz and 15.36 kHz sampling rates
correspond to 128 and 256 samples per cycle, respectively. Re-
markably, ten out of thirteen measurements—across both RL
unbalanced and non-linear loads—exhibited error differences
of less than 1.5% between the 7.68 kHz and 297.766779 Hz
with n = 129 samples, with the remaining three differences
below 2.5%. Regarding the 15.36 kHz and 297.766779 Hz
with n = 254 samples, twelve out of thirteen measurements
differed by less than 1.0%.



Finally, the Mann-Whitney and Brown-Forsythe hypothesis
tests were employed to compare the means and variances,
respectively, between the continuous domain and reduced sam-
pling data. Both tests supported the null hypothesis, indicating
no significant difference in mean or variance between the two
sampling frequencies. This study thus opens possibilities and
discussions regarding power measurements at low sampling
frequencies, achieving results comparable to those obtained
with higher-frequency data acquisition systems.

It is important to emphasize that the focus of this novel
methodology is not on minimizing the time delay required to
reach steady-state values. Instead, it prioritizes a cost-effective
approach that enables accurate power measurements on low-
cost microcontrollers, making it a practical and accessible
solution.
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